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Abstract
This supplementary manuscript is to describe an im-
portant nontrivial example, which appears in the matrix
model of type IIB in the super string theory in order
to apply a new duality for the moduli spaces of Yang-
Mills connections on noncommutative vector bundles.
Actually, the moduli space of the instanton bundle over
noncommutative Euclidean 4-spaces with respect to the
canonical action of space translations is computed pre-
cisely without using the ADHM- construction.
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§1. Introduction In the manuscript [6], we have
found a new duality for the moduli spaces of Yang-Mills
connections on noncommutative vector bundles with re-
spect to noncommutative flows. As we have also an-
nounced in [6] with a short proof that such a duality was
also affirmatively shown for noncommutative multiflows.
In this addendum, we apply it to compute the moduli
space in the case of the instanton bundles on the noncom-
mutative Euclidean 4-space with respect to the canonical
space translations without using the ADHM construction
(cf:[1],[2]).
§2. Preliminaries Let (A,Rn, α), (n ≥ 1) be a F ∗-
system, and Ξ a finitely generated projective α-invariant
right A-module. As Ξ = P (Am) for a projection P ∈
Mm(A) over A (m ≥ 1), and let Ξ̂ = P̂ (Âm) where
Â = A⋊αR
n and P̂ = P ×I ∈Mm(M(Â)) whereM(Â)
is the F ∗-algebra consisting of all A-valued bounded C∞-
functions on Rn with α-twisted *-convolution. Then Ξ̂
is a finitely generated projective right Â-module. In [6],
we have shown the following theorem:
Theorem 1 ([6]). Let (A,Rn, α) be a F ∗-dynamical
system with a faithful α-invariant continuous trace τ ,
and Ξ a finitely generated projective right A-module.
Then there exist a dual F ∗-dynamical system (Â,Rn, α)
with a faithful α-invariant trace τ̂ and a finitely gener-
ated projective right Â-module Ξ̂ with the property that
the moduli space M(A,Rn,α,τ)(Ξ) of the Yang-Mills con-
nections of Ξ for (A,Rn, α, τ) is homeomorphic to the
dual moduli space M(Â,Rn,α,τ̂)(Ξ̂) of the Yang-Mills con-
nections of Ξ̂ for (Â,Rn, α, τ̂) .
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Theorem 2 ([6]). Let (Â,Rn, β) be a F ∗-dynamical
system with a faithful β-invariant continuous trace τ ,and
Ξ a finitely generated projective right Â-module. If β
commutes with α, then there exist a F ∗-dynamical sys-
tem (A,Rn, βA) with a faithful βA-invariant continuous
trace τA, and a finitely generated projective right A-
module ΞA such that
M(Â,Rn,β,τ)(Ξ) ≈M(A,Rn,βA,τA)(ΞA) .
We want to apply the above theorem to the follow-
ing important example which appears as a Higgs branch
of the theory of D0-branes bound to D4-branes by the
expectation value of the B-field as well as a regularized
version of the target space of supersymmetric quantum
mechanics arising in the light cone description of (2,0)
superconformal theories in six dimensions, although its
algebraic structure has already been established in the
example 10.1 of [5](cf.[3],[4]):
Let R4θ be the noncommutative R
4 for an antisym-
metric 4x4 matrix θ = (θi,j), in other words, R
4
θ is the
F ∗-algebra generated by 4-self adojoint elements {xi}4i=1
with the property that
(1) [xi, xj] = θi,j
(i, j = 1, · · · , 4). In other words,
R
4
θ = {
∑
i1,i2,i3,i4∈N
ci1,i2,i3,i4 x
i1
1 x
i2
2 x
i3
3 x
i4
4 | c ∈ S(N) }
where S(N) is the set of all rapidly decreasing complex
valued functions on N. Let xi = θi,jxj (i, j = 1, · · · , 4)
where (θi,j) is the inverse matrix of (θi,j). Then the F
∗-
3
algebra R4θ depends essentially on one positive real num-
ber denoted by the same symbol θ, which satisfy the
following relation:
(2) [z∗i , zi] = θ , [zi, zj] = [z
∗
i , zj] = 0 (i, j = 0, 1, i 6= j)
where z0 = x
1+
√−1x2, z1 = x3+
√−1x4 and z∗i are the
conjugate operators of zi. Let us consider the canonical
action α of R4 on R4θ defined by
(3) αti(xi) = xi + ti
(ti ∈ R, i = 1, · · · , 4). Then it is easily seen that the
triplet (R4θ,R
4, α) is a F ∗-dynamical system, and we eas-
ily see that
(4) αwi(zi) = zi + wi
(wi ∈ C, i = 0, 1). By (2), R4θ is nothing but the F ∗-
tensor product A0 ⊗ A1 where Ai are the F ∗-algebras
generated by zi (i = 0, 1). We now check the algebraic
structure of Ai. By (2), it follows from [3](cf.[4]) that
there exist two Fock spaces Hi such that
zi(ξ
i
n) =
√
(n+ 1)θ ξ0n+1 , z
∗
i (ξ
i
n) =
√
nθ ξin−1,
where {ξin} are complete orthonormal systems of Hi with
respect to the following inner product:
< f | g >=
∑
(n+ 1)θ f(n)g(n)
for two C-valued functions f, g on N such that∑
(n+ 1)θ |f(n)|2 <∞ ,
∑
(n+ 1)θ |g(n)|2 <∞ .
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for i = 0, 1. We may assume that the Ai act on Hi
irreducibly. Then it also follows from [4] that the F ∗-
algebras Ai are isomorphic to the F
∗-algebras K∞(Hi)
defined by
K∞(Hi) = {T ∈ K(Hi) | {λk} ∈ S(N)}
where {λk} are all eigen values of T and S(N) are the set
of all sequences {cn} of C with supn≥1 (1+ |n|)k|cn| <∞
for all k ≥ 0. Therefore, the F ∗-algebra R4θ is isomorphic
to K∞(H0⊗H1). We then have the following proposition:
Proposition 3 (cf:[5]). If θ 6= 0, then R4θ is isomor-
phic to K∞(L2(C2)) as a F ∗-algebra.
By the above Proposition, K∞(L2(C2)) is the F ∗-crossed
product S(C2) ⋊τ C
2 of S(C2) by the shift action τ of
C2. We then consider the action α defined before. By
(4), it follows from [R] that α plays a role of the dual ac-
tion of τ . Then the F ∗-crossed product R̂4θ of R
4
θ by the
action α of R4 is isomorphic to the F ∗-crossed product
K∞(L2(C2))⋊τ̂ C2, where τ̂ is the dual action of τ . Then
it is isomorphic to S(C2)⊗K∞(L2(C2)) as a F ∗-algebra.
We now consider a finitely generated projective right R4θ-
module Ξ. Then there exist an integer n ≥ 1 and a pro-
jection P ∈Mn(M(R4θ)) such that Ξ = P ((R4θ)n). where
M(R4θ) is the F ∗-algebra consisting of all bounded linear
operators T on L2(C2) whose kernel functions T (· , ·) are
C-valued bounded C∞-functions of C2×C2. Let us take
the canonical faithful trace Tr on R4θ because of Propo-
sition 1. Then we consider the moduli space:
M(K∞(L2(C2)),C2,α,T r)(Ξ) of Ξ for (K∞(L2(C2)),C2, α, T r).
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We want to describe P cited above as a precise fashion.
Actually, we know that
K∞(L2(C2)) ∼= S(C2)⋊λ C2
where ∼= means isomorphism as a F ∗-algebra. λ is the
shift action of C2 on S(C2). Then it follows that
Mn(K∞(L2(C2))) ∼= Mn(S(C2))⋊λn C2
where
λnw(f)(w
′) = f(w′ − w)
for f ∈ Mn(S(C2)), w, w′ ∈ C2. Let λn be the action
of C2 on Mn(K∞(L2(C2))) associated with λn satisfying
Theorem 2. It follows from Proposition 3 that
M(R4θ,R4,α,T r)(Ξ) ≈M(K∞(L2(C2),C2,α,T r)(Ξ1)
≈M(S(C2)⋊λC2,C2,λ̂,
∫̂
C2
dz)(Ξ2) ,
where
Ξ1 = P1(K∞(L2(C2)n) , Ξ2 = P2((S(C2)⋊λ C2)n)
for the two projections Pj (j = 1, 2) with the property
that
P1 ∈Mn(M(K∞(L2(C2))) , P2 ∈Mn(M(S(C2))⋊λ C2)
corresponding to Ξ, where M(S(C2) is the F ∗-algebra
consisting of all C-valued bouded C∞-functions on C2
and λ is the shift action of C2 on M(S(C2)). By its
definition, we know that
λw = λ̂w ◦ λ˜w , (w ∈ C2)
where λ̂ is the dual action of λ and
λ˜w(x)(w
′) = λwx(w′)
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for all x ∈ S(C2) ⋊λ C2 and w,w′ ∈ C2. Hence λ̂ com-
mutes with λ, which implies by Theorem 2 that there ex-
ist a F ∗-dynamical system (S(C2),C2, λ̂S(C2),
∫
C2
dz) and
a finitely generated projective right A-module (Ξ2)S(C2)
such that
M(S(C2)⋊λC2,C2,λ̂,
∫̂
C2
dz)(Ξ2)
≈ M(S(C2),C2,λ̂S(C2),
∫
C2 dz)((Ξ2)S(C2)) .
We know that there exist an integer m ≥ 1 and a pro-
jection Q ∈Mm(M(S(C2))) such that
(Ξ2)S(C2) = Q(S(C
2)m) .
Moreover, it follows from the definition that the action
λ̂S(C2) is nothing but λ. We now determine the mod-
uli space M(S(C2),C2,λ,
∫
C2
dz))(Q(S(C2)m) in what follows:
Since Q ∈Mm(M(S(C2))) and
Mm(S(C
2)) ∼= S(C2,Mm(C)) ,
then it also follows from Theorem 2 that there exist a
finitely generated projective right C-moduleQ(S(C2)m)C
such that
M(S(C2),C2,λ̂S(C2),
∫
C2 dz)(Q(S(C2)m))
≈ M(C,C2,λC,1)(Q(S(C2)m)C) .
Since Q(S(C2)m)C is a finitely generated projective right
C-module, then its construction tells us that there exists
a projection R ∈Mm(C) such that
Q(S(C2)m)C) = R(C
m) .
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Summing up the argument discussed above, we deduce
that
M(R4θ,R4,α,T r)(Ξ) ≈M(C,C2,ι,1)(R(Cm)) .
By the definition of the moduli space, we deduce that
M(C,C2,ι,1)(R(Cm))
≈ EndC(R(Cm))sk/U(EndC(R(Cm)) ,
where
EndC(R(C
m))sk (resp. U(EndC(R(C
m)))
is the set of all skew adjoint (resp. unitary) elements in
EndC(R(C
m)) . Since EndC(R(C
m)) = Mk(C) for some
natural number k (m ≥ k), it follows by using diagonal-
ization that
EndC(R(C
m))sk/U(EndC(R(C
m)) ≈ Rk ,
which implies the following theorem:
Theorem 4. Let R4θ be the deformation quantization
of R4 with respect to a skew symmetric matrix θ and
take the F ∗-dynamical system (R4θ,R
4, α) with a canon-
ical faithful α-invariant trace Tr of R4θ, where α is the
translation action of R4 on R4θ. Suppose Ξ is a finitely
generated projective right R4θ-module, then there exists
a natural number k such that
M(R4θ,R4,α,T r)(Ξ) ≈ Rk .
Remark. The above theorem only states the topo-
logical data of the moduli spaces of Yang-Mills connec-
tions. We would study their both differential and holo-
morphic structures in a forthcoming paper (cf:[2]).
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